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We analytically compute all four-loop QCD corrections to the photon-quark and Higgs-gluon form
factors involving a closed massless fermion loop. Our calculation of nonplanar vertex integrals confirms a
previous conjecture for the analytical form of the nonfermionic contributions to the collinear anomalous
dimensions of quarks and gluons.
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I. INTRODUCTION
Two of the most important processes which are studied
in great detail at the CERN LHC are the production of
lepton pairs and Higgs bosons. The total cross sections for
Drell-Yan lepton pair production through virtual photons
and Higgs boson production through the dominant gluon
fusion channel are known to next-to-next-to-next-to-
leading order (N3LO) in perturbation theory [1–3] in the
limit of an infinitely heavy top quark. Historically, first the
virtual corrections have been computed and the real
radiation contributions have been added later. In this paper
we take an important step towards the N4LO corrections
and provide analytic results for the fermionic contribution
to the virtual corrections, both to the Drell-Yan and Higgs
boson production processes.
The virtual corrections are conveniently expressed in
terms of form factors of the photon-quark vertex and the
effective gluon-Higgs boson vertex. Let us denote the
corresponding bare vertex functions by Γμq and Γμνg ,
respectively. Then the bare form factors are obtained from
Fqðq2Þ ¼ −
1
4ð1 − ϵÞq2 Trð=q2Γ
μ=q1γμÞ;
Fgðq2Þ ¼
ðq1 · q2gμν − q1;μq2;ν − q1;νq2;μÞ
2ð1 − ϵÞ Γ
μν
g ; ð1Þ
where our overall normalization is such that both form
factors are 1 at leading order. Further, we work in conven-
tional dimensional regularization and use d ¼ 4 − 2ϵ for
the space-time dimension. The external momentum of the
photon and Higgs is q ¼ q1 þ q2 and q1 and q2 are the
incoming momenta of the quark and antiquark in the case
of Fq and of the gluons in the case of Fg. Some sample
Feynman diagrams contributing to the fermionic part of Fq
and Fg are shown in Fig. 1. We define the perturbative





















with x ∈ fq; gg.
Two-loop corrections to Fq have been computed in
Refs. [4–7] and the first two-loop calculation for Fg has
been performed in [8]. In the first three-loop calculation of
Fq and Fg [9] the coefficients of the highest ϵ expansion
terms of three master integrals were only known numeri-
cally. These coefficients have been computed in [10].
The results of [9] have been confirmed in Refs. [11–13].
For the computation of three-loop master integrals we also
refer to [14].
At four-loop order there are only partial results. For Fq,
the large-Nc limit, which only involves planar diagrams,
has been considered in Refs. [15,16], the n2f terms are
available from [17], the complete contribution from color
structure ðdabcdF Þ2 has been computed in [18] and confirmed
in [19]. For Fq and Fg, all corrections with three or two
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closed fermion loops were calculated in [20,21], respec-
tively, including also the singlet contributions.
There are a number of works where pole parts of the
form factors have been computed. In fact, from the 1=ϵ2
pole it is possible to extract the so-called cusp anomalous
dimension. A complete calculation based on the form
factors can be found in Ref. [19]. In that work a basis
of finite integrals has been chosen and expanded only to
lower orders in ϵ in order to obtain the required weight six
information. Reference [19] confirmed the expression
presented in Ref. [22], which is based on a calculation
inN ¼ 4 super Yang-Mills, other known QCD results, and
conjectural input for one term in the matter contributions
[23]. Partial contributions to the QCD cusp anomalous
dimension are available from [15–17,20,24–28] and
numerical results are presented in Refs. [29,30].
Recently, the collinear anomalous dimensions have been
computed in Ref. [31] by extracting the 1=ϵ poles of the
quark and gluon form factors. All contributions could be
computed analytically except one contribution from a
nonplanar four-loop integral defined in 6 − 2ϵ dimensions,
which is parametrized by H (cf. Eq. (10) of [31]),
ð3Þ
A numerical evaluation of H to 10 significant digits
allowed not only to significantly improve upon the numeri-
cal results of Refs. [32,33]; together with an assumption on
the multiple zeta values present in H, an analytic expres-
sion could be conjectured. Using the results obtained in the
present paper we confirm this expression; details are
presented in the next section where we outline some of
the techniques used for our calculation. Our analytic results
are presented in Sec. III, and Sec. IV contains our
conclusions and an outlook to the full result.
II. CALCULATION
We employ Qgraf [34] to generate the required
Feynman diagrams with closed fermion loops, 2464 dia-
grams for Fð4Þq and 18642 diagrams for F
ð4Þ
g . After applying
the projectors and performing the numerator algebra with
Form 4 [35], we obtain the form factors Fq and Fg
FIG. 1. Sample Feynman diagrams contributing to the fermionic corrections to Fq and Fg at four-loop order. Straight and curly lines
denote quarks and gluons, respectively. Both planar and nonplanar diagrams contribute.
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expressed as a linear combination of scalar functions
belonging to properly defined integral families. Each
function has 18 indices where up to twelve correspond
to the different propagators of the diagrams. In addition to
planar diagrams (see, e.g., Refs. [15,16,36]) there are
nonplanar diagrams; it is the latter which pose challenges.
We perform the calculation in a general Rξ gauge and check
explicitly that terms proportional to ξ cancel in our results.
From the computational point of view there are two
challenges one has to deal with. The first one is the
integration-by-parts reduction [37,38] of the scalar inte-
grals, which appear in the amplitudes, to so-called master
integrals. For this task, we employ the setup described in
Ref. [19], which is based on the codes Reduze 2 [39] and
Finred, implementing techniques from [40–46].
The second challenge is the computation of the master
integrals as a Laurent series in ϵ. Here we have two
approaches at hand. The first one is based on the con-
struction of a basis of finite master integrals [13,47,48],
partly in 6 − 2ϵ dimensions. Subsequently the program
HyperInt [49] is used to compute the ϵ expansion of the
master integrals. This approach allowed us to compute all ϵ
coefficients of the master integrals required for the fer-
mionic four-loop corrections except forH. Wewish to note,
however, that it remains unclear whether the evaluation of
the constants of transcendental weight eight (or even
higher) of some of the nonplanar twelve-line master
integrals is possible in this approach. In particular, for
the two Feynman integrals corresponding to nonplanar
graphs with twelve edges,
ð4Þ
it is not known whether a linearly reducible [50,51]
Feynman parametric representation exists.
In this paper, we show that both remaining not linearly
reducible topologies (4) can be solved using a second
method, which is based on differential equations. While the
method of differential equations [52–54] is not directly
applicable to one-scale Feynman integrals, we can intro-
duce an additional scale parameter, as was suggested in
Ref. [55]. On the one hand, we complicate the situation. On
the other hand, we obtain the possibility to apply the full
power of the method of differential equations (see, e.g.,
Refs. [56,57] and Ref. [58] [Sec. E.8]). In the context of
massless four-loop form factors this approach has been
applied successfully in Refs. [15–18]. In a first step one
introduces a second mass scale by imposing a virtuality
q22 ≠ 0 on one of the external partons, which apparently
makes the problem more complicated. However, we are
now in a position to establish differential equations for the
master integrals in the variable x ¼ q22=q2 which determine
the connection between the points x ¼ 1 and x ¼ 0. The
boundary conditions are then easy to fix at x ¼ 1 as in this
point our integrals turn into massless propagator integrals
for which analytic results are known at least up to weight
twelve [59,60]. A detailed description of the procedure can
be found in Ref. [18].
In our calculation we employ Fire 6 [61] in combi-
nation with LiteRed [44,62] to compute the reductions
for the differential equations and closely follow the
algorithm of Refs. [63,64] as implemented in Libra
[65] to bring our system in ϵ form. The complexity of
the two topologies (4) is somewhat reflected also in the
properties of the differential equations. First, it appears
that differential equations for these two topologies,
in addition to singularities at x ¼ 0 and 1, have singularities
at x ¼ −1; 4; 1=4 (at x ¼ 4) for the first (second) topology,
respectively. Among those, the singularity at x ¼ 1=4 is
especially troublesome as it lies inside the segment (0,1)
connecting the points of interest. Moreover, it appears that
in order to reduce the system to ϵ form, we need to













. Fortunately, for each specific iter-
ated integral which appears in the ϵ expansion of the master
integrals of these two topologies it is possible to find the
rationalizing variable change. As a result, the master
integrals of the two topologies are not directly expressed
via nonalternating multiple zeta values, but rather via
Goncharov polylogarithms with letters in the alphabet
f0;1;i ffiffiffi3p ; eiπ=3; e2iπ=3; eiπ=3=2g. Using the PSLQ
algorithm, we were able to express our final result for the
master integrals with two massless legs and their subto-
pologies through to weight nine in terms of regular zeta









Our results for the corner integrals of the two nonplanar
topologies through to the finite parts are




in the conventions of [36]. Combining the integral solutions
















− 25ζ5 − 6ζ3ζ2 þ
3
10
ζ22 þ 9ζ3: ð8Þ
This value for H agrees with the expression conjectured in
[31] and thus confirms the nonfermionic contributions to the
collinear anomalous dimensions in that reference analyti-
cally.Moreover, this result provides the last remainingmaster
integral coefficient required for the present calculation.
III. RESULTS FOR FORM FACTORS
In this section we present the complete fermionic four-
loop corrections to the form factors Fq and Fg in massless





; CA ¼Nc; NA ¼N2c−1;

































whereQq is the fractional charge of the quark q and nf is the
number of active quark flavors. Without loss of generality
we have used for the trace normalization TF ¼ 1=2.
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The ϵ expansion of the fermionic corrections to both
form factors starts with seventh-order poles in 1=ϵ, reflect-
ing the fact that fermionic corrections start to contribute
only at two loops. Similarly, four-loop contributions with
more than two closed fermion loops or specific color
factors start even later in the ϵ expansion. The correspond-
ing poles through to order 1=ϵ can be obtained from [19];
they consist of zeta values with transcendental weight up
to six.
Here, we calculate the complete finite part of the
fermionic four-loop contributions to Fq and Fg and obtain
an analytical result in terms of zeta values with transcen-












































































































































































































































































































































þcontributions without closed fermion loop: ð10Þ
For the finite part of Fð4Þg we obtain
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þ contributions without closed fermion loop: ð11Þ
The n3f, n
2
f, and nqγnf terms agree with the results
presented in Refs. [20,21]. Our expression for Fq repro-
duces the result of Ref. [15] in the large-Nc limit. The
remaining, subleading color terms for Fð4Þq and all of the




In this paper, we calculated the complete fermionic
corrections to the photon-quark and Higgs-gluon vertices
in massless four-loop QCD. We solved two nonplanar
vertex topologies using the method of differential equations
and found a result in terms of multiple zeta values. This
renders the only two topologies which were not known to
be linearly reducible accessible, such that the main obstacle
for the remaining four-loop corrections has been removed.
Our calculation confirms a previous conjecture for the
analytical solution of one of the integrals in this topology,
which fully establishes the pole terms of all nonfermionic
four-loop corrections analytically.
ACKNOWLEDGMENTS
A. v. M. and R. M. S. gratefully acknowledge Erik
Panzer for related collaborations. This research was sup-
ported by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) under Grant No. 396021762
TRR 257 “Particle Physics Phenomenology after the Higgs
Discovery” and by the National Science Foundation (NSF)
under Grant No. 2013859, “Multi-loop amplitudes and
precise predictions for the LHC.” The work of A. V. S. and
V. A. S. was supported by the Russian Science Foundation
under Agreement No. 21-71-30003 (IBP reduction) and by
the Ministry of Education and Science of the Russian
Federation as part of the program of the Moscow Center for
Fundamental and Applied Mathematics under Agreement
No. 075-15-2019-1621 (solving differential equations). We
acknowledge the High Performance Computing Center at
Michigan State University for computing resources. The
Feynman diagrams were drawn with the help of Axodraw
[66] and JaxoDraw [67].
ROMAN N. LEE et al. PHYS. REV. D 104, 074008 (2021)
074008-6
[1] C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, and B.
Mistlberger, Higgs Boson Gluon-Fusion Production in
QCD at Three Loops, Phys. Rev. Lett. 114, 212001 (2015).
[2] B. Mistlberger, Higgs boson production at hadron colliders
at N3LO in QCD, J. High Energy Phys. 05 (2018) 028.
[3] C. Duhr, F. Dulat, and B. Mistlberger, Drell-Yan Cross
Section to Third Order in the Strong Coupling Constant,
Phys. Rev. Lett. 125, 172001 (2020).
[4] G. Kramer and B. Lampe, Two jet cross-section in eþe−
annihilation, Z. Phys. C 34, 497 (1987); 42, 504(E) (1989).
[5] T. Matsuura and W. L. van Neerven, Second order loga-
rithmic corrections to the Drell-Yan cross section, Z. Phys.
C 38, 623 (1988).
[6] T. Matsuura, S. C. van der Marck, and W. L. van Neerven,
The calculation of the second order soft and virtual con-
tributions to the Drell-Yan cross-section, Nucl. Phys. B319,
570 (1989).
[7] T. Gehrmann, T. Huber, and D. Maître, Two-loop quark and
gluon form-factors in dimensional regularisation, Phys.
Lett. B 622, 295 (2005).
[8] R. V. Harlander, Virtual corrections to gg → h to two loops
in the heavy top limit, Phys. Lett. B 492, 74 (2000).
[9] P. A. Baikov, K. G. Chetyrkin, A. V. Smirnov, V. A. Smirnov,
and M. Steinhauser, Quark and Gluon form Factors to Three
Loops, Phys. Rev. Lett. 102, 212002 (2009).
[10] R. N. Lee and V. A. Smirnov, Analytic epsilon expansions
of master integrals corresponding to massless three-loop
form factors and three-loop g-2 up to four-loop transcen-
dentality weight, J. High Energy Phys. 02 (2011) 102.
[11] T. Gehrmann, E. W. N. Glover, T. Huber, N. Ikizlerli, and C.
Studerus, Calculation of the quark and gluon form factors to
three loops in QCD, J. High Energy Phys. 06 (2010) 094.
[12] T. Gehrmann, E. W. N. Glover, T. Huber, N. Ikizlerli, and C.
Studerus, The quark and gluon form factors to three loops in
QCD through toOðϵ2Þ, J. High Energy Phys. 11 (2010) 102.
[13] A. von Manteuffel, E. Panzer, and R. M. Schabinger, On the
computation of form factors in massless QCD with finite
master integrals, Phys. Rev. D 93, 125014 (2016).
[14] G. Heinrich, T. Huber, D. A. Kosower, and V. A. Smirnov,
Nine-propagator master integrals for massless three-loop
form factors, Phys. Lett. B 678, 359 (2009).
[15] J. M.Henn,A. V. Smirnov,V. A.Smirnov, andM.Steinhauser,
A planar four-loop form factor and cusp anomalous dimension
in QCD, J. High Energy Phys. 05 (2016) 066.
[16] J. M. Henn, A. V. Smirnov, V. A. Smirnov, M. Steinhauser,
and R. N. Lee, Four-loop photon quark form factor and cusp
anomalous dimension in the large-Nc limit of QCD, J. High
Energy Phys. 03 (2017) 139.
[17] R. N. Lee, A. V. Smirnov, V. A. Smirnov, and M.
Steinhauser, The N2f contributions to fermionic four-loop
form factors, Phys. Rev. D 96, 014008 (2017).
[18] R. N. Lee, A. V. Smirnov, V. A. Smirnov, and M. Steinhauser,
Four-loop quark form factor with quartic fundamental colour
factor, J. High Energy Phys. 02 (2019) 172.
[19] A. von Manteuffel, E. Panzer, and R. M. Schabinger, Cusp
and Collinear Anomalous Dimensions in Four-Loop QCD
from Form Factors, Phys. Rev. Lett. 124, 162001 (2020).
[20] A. von Manteuffel and R. M. Schabinger, Quark and gluon
form factors to four-loop order in QCD: The N3f contribu-
tions, Phys. Rev. D 95, 034030 (2017).
[21] A. von Manteuffel and R. M. Schabinger, Quark and gluon
form factors in four loop QCD: The N2f and NqγNf
contributions, Phys. Rev. D 99, 094014 (2019).
[22] J. M. Henn, G. P. Korchemsky, and B. Mistlberger, The full
four-loop cusp anomalous dimension inN ¼ 4 super Yang-
Mills and QCD, J. High Energy Phys. 04 (2020) 018.
[23] R. Brüser, A. Grozin, J. M. Henn, and M. Stahlhofen, Matter
dependence of the four-loop QCD cusp anomalous dimen-
sion: From small angles to all angles, J. High Energy Phys.
05 (2019) 186.
[24] J. A. Gracey, Anomalous dimension of nonsinglet Wilson
operators at Oð1=NðfÞÞ in deep inelastic scattering, Phys.
Lett. B 322, 141 (1994).
[25] M. Beneke and V. M. Braun, Power corrections and re-
normalons in Drell-Yan production, Nucl. Phys. B454, 253
(1995).
[26] J. Davies, A. Vogt, B. Ruijl, T. Ueda, and J. A. M.
Vermaseren, Large-nf contributions to the four-loop split-
ting functions in QCD, Nucl. Phys. B915, 335 (2017).
[27] A. Grozin, Four-loop cusp anomalous dimension in QED, J.
High Energy Phys. 06 (2018) 073; 01 (2019) 134(A).
[28] J. M. Henn, T. Peraro, M. Stahlhofen, and P. Wasser, Matter
Dependence of the Four-Loop Cusp Anomalous Dimension,
Phys. Rev. Lett. 122, 201602 (2019).
[29] S. Moch, B. Ruijl, T. Ueda, J. A. M. Vermaseren, and A.
Vogt, Four-loop non-singlet splitting functions in the planar
limit and beyond, J. High Energy Phys. 10 (2017) 041.
[30] S. Moch, B. Ruijl, T. Ueda, J. A. M. Vermaseren, and A.
Vogt, On quartic colour factors in splitting functions and the
gluon cusp anomalous dimension, Phys. Lett. B 782, 627
(2018).
[31] B. Agarwal, A. von Manteuffel, E. Panzer, and R. M.
Schabinger, Four-loop collinear anomalous dimensions in
QCD and N ¼ 4 super Yang-Mills, Phys. Lett. B 820,
136503 (2021).
[32] G. Das, S.-O. Moch, and A. Vogt, Soft corrections to
inclusive deep-inelastic scattering at four loops and beyond,
J. High Energy Phys. 03 (2020) 116.
[33] G. Das, S.-O. Moch, and A. Vogt, Approximate four-loop
QCD corrections to the Higgs-boson production cross
section, Phys. Lett. B 807, 135546 (2020).
[34] P. Nogueira, Automatic Feynman graph generation, J.
Comput. Phys. 105, 279 (1993).
[35] J. Kuipers, T. Ueda, J. A. M. Vermaseren, and J. Vollinga,
FORM version 4.0, Comput. Phys. Commun. 184, 1453
(2013).
[36] A. von Manteuffel and R. M. Schabinger, Planar master
integrals for four-loop form factors, J. High Energy Phys. 05
(2019) 073.
[37] F. Tkachov, A theorem on analytical calculability of four
loop renormalization group functions, Phys. Lett. B 100, 65
(1981).
[38] K. Chetyrkin and F. Tkachov, Integration by parts: The
algorithm to calculate beta functions in 4 loops, Nucl. Phys.
B192, 159 (1981).
[39] A. vonManteuffel and C. Studerus, Reduze 2—distributed
Feynman integral reduction, arXiv:1201.4330.
[40] S. Laporta, High precision calculation of multi-loop Feyn-
man integrals by difference equations, Int. J. Mod. Phys. A
15, 5087 (2000).
FERMIONIC CORRECTIONS TO QUARK AND GLUON FORM … PHYS. REV. D 104, 074008 (2021)
074008-7
[41] A. von Manteuffel and R. M. Schabinger, A novel approach
to integration by parts reduction, Phys. Lett. B 744, 101
(2015).
[42] J. Gluza, K. Kajda, and D. A. Kosower, Towards a basis for
planar two-loop integrals, Phys. Rev. D 83, 045012 (2011).
[43] J. Böhm, A. Georgoudis, K. J. Larsen, M. Schulze, and Y.
Zhang, Complete sets of logarithmic vector fields for
integration-by-parts identities of Feynman integrals, Phys.
Rev. D 98, 025023 (2018).
[44] R. N. Lee, LiteRed 1.4: A powerful tool for reduction of
multi-loop integrals, J. Phys. Conf. Ser. 523, 012059 (2014).
[45] T. Bitoun, C. Bogner, R. P. Klausen, and E. Panzer, Feynman
integral relations from parametric annihilators, Lett. Math.
Phys. 109, 497 (2019).
[46] B. Agarwal, S. P. Jones, and A. von Manteuffel, Two-loop
helicity amplitudes for gg → ZZ with full top-quark mass
effects, J. High Energy Phys. 05 (2021) 256.
[47] A. von Manteuffel, E. Panzer, and R. M. Schabinger, A
quasi-finite basis for multi-loop Feynman integrals, J. High
Energy Phys. 02 (2015) 120.
[48] R. M. Schabinger, Constructing multi-loop scattering am-
plitudes with manifest singularity structure, Phys. Rev. D
99, 105010 (2019).
[49] E. Panzer, Algorithms for the symbolic integration of
hyperlogarithms with applications to Feynman integrals,
Comput. Phys. Commun. 188, 148 (2015).
[50] F. Brown, The massless higher-loop two-point function,
Commun. Math. Phys. 287, 925 (2009).
[51] F. Brown, On the periods of some Feynman integrals,
arXiv:0910.0114.
[52] A. Kotikov, Differential equations method: New technique
for massive Feynman diagrams calculation, Phys. Lett. B
254, 158 (1991).
[53] Z. Bern, L. J. Dixon, and D. A. Kosower, Dimensionally
regulated pentagon integrals, Nucl. Phys. B412, 751 (1994).
[54] T. Gehrmann and E. Remiddi, Differential equations for two
loop four point functions, Nucl. Phys. B580, 485 (2000).
[55] J. M. Henn, A. V. Smirnov, and V. A. Smirnov, Evaluating
single-scale and/or non-planar diagrams by differential
equations, J. High Energy Phys. 03 (2014) 088.
[56] J. M. Henn, Multi-Loop Integrals in Dimensional Regu-
larization Made Simple, Phys. Rev. Lett. 110, 251601
(2013).
[57] J. M. Henn, Lectures on differential equations for Feynman
integrals, J. Phys. A 48, 153001 (2015).
[58] A. Blondel et al., Standard model theory for the FCC-ee
Tera-Z stage, in Mini Workshop on Precision EW and QCD
Calculations for the FCC Studies: Methods and Techniques
CERN, Geneva, Switzerland, January 12-13, 2018 (CERN,
Geneva, 2019).
[59] P. A. Baikov and K. G. Chetyrkin, Four loop massless
propagators: An algebraic evaluation of all master integrals,
Nucl. Phys. B837, 186 (2010).
[60] R. N. Lee, A. V. Smirnov, and V. A. Smirnov, Master
integrals for four-loop massless propagators up to tran-
scendentality weight twelve, Nucl. Phys. B856, 95
(2012).
[61] A. V. Smirnov and F. S. Chuharev, FIRE6: Feynman integral
reduction with modular arithmetic, Comput. Phys. Com-
mun. 247, 106877 (2020).
[62] R. N. Lee, Presenting LiteRed: A tool for the loop
integrals reduction, arXiv:1212.2685.
[63] R. N. Lee, Reducing differential equations for multiloop
master integrals, J. High Energy Phys. 04 (2015) 108.
[64] R. N. Lee and A. A. Pomeransky, Normalized Fuchsian
form on Riemann sphere and differential equations for
multiloop integrals, arXiv:1707.07856.
[65] R. N. Lee, Libra: A package for transformation of differ-
ential systems for multiloop integrals, arXiv:2012.00279.
[66] J. A. M. Vermaseren, Axodraw, Comput. Phys. Commun.
83, 45 (1994).
[67] D. Binosi and L. Theussl, JaxoDraw: A graphical user
interface for drawing Feynman diagrams, Comput. Phys.
Commun. 161, 76 (2004).
ROMAN N. LEE et al. PHYS. REV. D 104, 074008 (2021)
074008-8
